In this paper we consider geodesic triangulations of the surface of the regular dodecahedron. We are especially interested in triangulations with angles not larger than π/2, with as few triangles as possible. The obvious triangulation obtained by taking the centres of all faces consists of 20 acute triangles.
Introduction
The notion of a triangulation is well known in algebraic topology. In dimension two it means a collection of triangles covering the space, such that the intersection of any two triangles is either empty or consists of a vertex or of an edge. We are interested only in triangulations all the members of which are geodesic triangles, i.e., all edges must be shortest paths. This is motivated by the geometric significance of geodesic triangulations, i.e., those triangulations using geodesic triangles only. Colin de Verdière [5] shows how to change a triangulation of a compact surface of nonpositive curvature into a geodesic triangulation. The planar case was previously treated by Fary [7] and Tutte [22] . From now on, triangulation will always mean a geodesic one.
In rather general two-dimensional spaces, like Alexandrov surfaces, two geodesics starting at the same point determine a well defined angle. Our interest will be focused on triangulations E-mail addresses: j-itoh@gpo.kumamoto-u.ac.jp (J.-i. Itoh), tudor.zamfirescu@mathematik.uni-dortmund.de (T. Zamfirescu). triangulable compact topological spaces may be considered. In particular, F can consist of two-dimensional compact Alexandrov spaces with a common lower (or upper) bound for the curvature. Even the very particular family of all tetrahedral surfaces seems to be quite interesting.
We formulate this as a "meta"-problem.
Problem 2.
For interesting families F , investigate the existence in the members of F of (a) non-obtuse triangulations, (b) acute triangulations. Find a constant N as in Problem 1, if it exists.
Non-obtuse triangulations
Let T be a (geodesic) triangulation of the surface D of the regular dodecahedron. It will be convenient to use, besides the intrinsic metric of D, the graph-theoretic distance between vertices of D regarded as a graph; we call this the g-distance between those vertices. Thus, the g-distance between two vertices of D is the number of edges of the shortest path between those vertices in the 1-skeleton of D.
Triangles abc having two vertices at vertices of D and containing two vertices of D in their interior are of four types, as described in the following lemma. Like for type I, the geodesics starting at a and b orthogonal to ab in the rough direction of F intersect inside F and determine together with the bisectors of the angles of F at d and e a quadrilateral region in which c can lie.
Type III. a, b are vertices of D at g-distance 2, and c is behind d, see Fig. 3 . Going in the other direction than in Case II, the geodesics from a and b orthogonal to ab are precisely the bisectors of the edges of F incident to d, meet at the centre of F, and determine in F a quadrilateral where c can be.
Type IV. a, b are vertices of D at g-distance 3, and c is in the face F, see Fig. 4 . The geodesic G starting at a orthogonal to ab and in direction of F goes very close to ad through the face which contains ad but not e. Suppose ac is close to G. In order for abc to contain just two vertices of D, ced must be at most π/10. The angle between G and ad at a is less than 3π/10. Therefore bca > 6π/10, which is not permitted.
Since the geodesic at b orthogonal to ab meets the edge of F at e different from de, there is no possibility other than that stated. It is an elementary exercise to indeed see the existence of a small region possible for c in F.
Suppose now that a and b are at g-distance 4. In this case they are placed like in Fig. 5 ; the geodesic through b orthogonal to ab arrives at d and is orthogonal to de, where e is the centre of F. So adb > π/2, which yields acb > π/2.
Thus, we are only left with the four cases mentioned in the statement. However, supposing case 4 • happens, the sum of the angles at c would be larger than π, which is impossible.
It remains to rule out the case 1 • . We take the edge-length of D to be 1. Then mt = cos π 5 and
Also, nt = sin Since a sb ≤ π/2, we must have usb + vsa ≥ π/2, i.e., usb ≥ va s or, equivalently, Putting here sin 
and this is simply false. Evidently, case 2 • can occur only if abc = a bc = π/2. Indeed, all of them are isosceles, the first five are isometric to each other, and the same is true of the last five too. First, we will check the triangle abc. The angle cab is equal to Thus we have obtained a non-obtuse triangulation with 10 triangles of the regular dodecahedral surface. Now, let us show that there is no non-obtuse triangulation of D with at most 8 triangles.
Assume there exits such a triangulation T . The degree of any vertex of T is at least 4, because the total tangent angle at any point of the surface is at least 9π/5 > 3π/2. This already excludes the possibility of K 4 as a non-obtuse triangulation. If T has 6 triangles, it must have 9 edges and, by Euler's formula, 5 vertices. The degree at every vertex being at least 4, there must be at least 10 edges and a contradiction is found.
Similarly, if there are 8 triangles in T , the number of edges is 12 and that of vertices 6. The degree at each vertex must be 4, otherwise a contradiction is obtained as before. Thus T is isomorphic to the (graph of the) regular octahedron. Note that, by the Gauß-Bonnet formula, no non-obtuse triangle can contain three vertices of D in its interior. 
Acute triangulations Theorem 2. The dodecahedron admits an acute triangulation with 14 triangles and no acute triangulation with less than 12 triangles.
Proof. Regarding the second assertion of the theorem, it suffices, in view of Theorem 1, to prove that there is no acute triangulation of the dodecahedral surface D with 10 triangles.
Suppose on the contrary there is such a triangulation T . Then T must have 15 edges and, by Euler's formula, 7 vertices. The degree of any vertex of T is at least 4. Let a (resp. a ) be the intersection point of the line segment from s 3 ∩ s 2 ∩ s 3 (resp. s 2 ∩ s 3 ∩ l) to o 3 (resp. o l ) with a diagonal of s 3 (resp. l). 
In the triangle aβ j , a j = i.e.,
Next let us consider the triangle cc γ . Clearly, c cγ < Concerning the angle at a , obviously b a c < bac < π 2 .
